We consider the theory and application of a domain decomposition method for computing the conformal modules of long quadrilaterals.
Introduction
Let Q := {a; zl, z2, z3, z4} denote a quadrilateral consisting of a Jordan domain 0 and four specified points zl, z2, z3, z4 on X2. The conformal module m(Q) of Q is defined as follows. Let R, denote a rectangle of the form R,:=((5,77):0<5<1,0<77<h}.
Then m(Q) is the unique value of h for which Q is conformally equivalent to the rectangular quadrilateral (R,; 0, 1, 1 + ih, ih}. By this we mean that for h = m(Q) and for this value only there exists a unique conformal map F: 0 + R,, which takes the four points zl, z2, z3, z4 respectively onto the four vertices 0, 1, 1 + ih, ih of R,.
We note the following in connection with the above. The conformal map F has many applications in, for example, integrated-circuit design and steady-state diffusion, and in these the value of m<Q> is often of special significance. In fact, in many of these applications only the value of m(Q) (rather than the full conformal map) is of interest (see, e.g., the list of references given in [7, pp. 65, 661) .
l The conformal map F : 0 + R,,Q, can be expressed as simple Schwarz-Christoffel transformation that can be written down in terms of an inverse elliptic sine. In addition, the conformal module m(Q) can be determined, quite simply, from the ratio of two complete elliptic integrals of the first kind whose moduli depend only on the images lj := f(zj>, j = 1, 2, 3, 4, of the four boundary points tj, j = 1, 2, 3, 4 (see, e.g., [8, Section 211. The above approach, of using the unit disc (or, equivalently, the half plane) as an intermediate mapping domain, may be regarded as the conventional method for determining F and m(Q). This is so because (a) D is the standard canonical domain for the mapping of simply-connected regions; (b) the problem of approximating f : fl+ D is, by far, the most extensively studied numerical conformal mapping problem. Unfortunately, however, the use of (1.1) suffers from a well-known numerical drawback which is caused by the fact that if Q is "long" (and consequently m(Q) is "large"), then either the two points l1 and &, or the two points 5x and I& (or indeed both pairs of points) are very close to each other. This crowding of points may be regarded as a form of ill-conditioning, in the sense that a numerical procedure based on the use of (1.1) may fail to provide a meaningful approximation to F or m(Q), even if an accurate approximation to f is available. In particular, the process will break down completely if, due to the crowding, the computer fails to recognize the four points lj, j = 1, 2, 3, 4, in the correct order on the unit circle. To be more precise, if 4 is the length of the smaller of the two arcs that join <r with lZ and l3 with 14, then serious difficulties will ensue (i.e., severe loss of accuracy or, even, complete breakdown of the procedure) when 4 is "small" by comparison with the precision of the computed approximation to the conformal map f. The seriousness of this numerical drawback is highlighted by the fact that if m(Q) is "large", then in the best possible situation (where the points lj are arranged symmetrically on the unit circle so that l1 = -c3 and & = -&4> (#) Z S,-?rmK?P* (1.2)
In fact, the right-hand side of (1.2) gives a good estimate of 4 even for relatively small values of m(Q), for example for m(Q) = 2 (see, e.g., [7, Section 31 and [8, Section 21) . This paper contains a study of a domain decomposition method (DDM) for computing the conformal modules of long quadrilaterals. The method involves decomposing the original quadrilateral Q into two or more component quadrilaterals Qj, j = 1,. . . , and then approximating m(Q) by the sum Cm(Qj> of the conformal modules of the component quadrilaterals. The objectives for doing this are as follows. (a) To overcome the difficulties associated with the crowding phenomenon described above. (b) To take advantage of the fact that many applications involve complicated quadrilaterals which, however, can be decomposed into very simple components.
The DDM was introduced by us [9, 10] for the purpose of computing the conformal modules and associated conformal maps of a special class of quadrilaterals, viz. quadrilaterals Q := (0; 21, z2, 23, z4}, where (a) the domain R is bounded by two parallel straight lines and two Jordan arcs; (b) the points zi, z2, z3, z4 are the four corners where the two boundary arcs meet the two boundary straight lines. In this connection, the method was also studied by Gaier and Hayman [2, 3] , who derived several important results that enhanced considerably the associated DDM theory. In particular, the results of [2, 3] provided us with the means for extending the area of application of the DDM to a much wider class of quadrilaterals than that indicated above. This was done recently in [ll] . The purpose of the present paper is to extend the application of the method still further and, in the same time, to improve some of our earlier error estimates. We shall do this by making use of two new corollaries of the two central theorems that we gave in [ll] .
Error estimates
We shall adopt throughout the following notations of our earlier paper [ill. l fl and Q := {a; zi, z2, z3, z4) will denote respectively the original domain and corresponding quadrilateral. l a,, f12,. . . and Q,, Q2.. . will denote respectively the "principal" subdomains and corresponding quadrilaterals of the decomposition under consideration, l The additional subdomains and associated quadrilaterals that arise when the decomposition of Q involves more than one crosscut will be denoted by using (in an obvious manner) a multisubscript notation.
For example, the five component quadrilaterals of the decomposition illustrated in Fig ;
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The following two theorems from our earlier paper [ll] will also play a central role in our work here. 
(2.2)
We note the following in connection with the above. Remark 2.3. As is indicated in [ll] , the two theorems are straightforward consequences of certain earlier results of Gaier and Hayman [2, 3] (see also [9, 10] ), in connection with a special class of decompositions (like the one illustrated in Fig. 2 .21, where (a) the defining domain 0 of the quadrilateral Q := {a; zl, z2, z3, z4) is bounded by two parallel straight lines A,, h, and two Jordan arcs yl, y2; (b) the four points zi, z2, z3, zq are the four corners where the arcs yl, yz meet the straight lines A,, A,; (cl the crosscuts of the decomposition are straight lines perpendicular to the boundary lines A,, A, of R.
Of the results given in [2, 3] , the following two are of particular interest in connection with our work here (see also [ll, Section 2-J). l Consider the decomposition of the quadrilateral illustrated in Fig. 2 .2. Let h,, h, be respectively the distances of the crosscut 1 from the two boundary arcs yl, y2 and let h := min(h,, h,). Then, Remark 2.5. Theorems 2.1 and 2.2 were used in [ll] for justifying the application of the DDM to several types of quadrilaterals and for deriving, in each case, an estimate of the error in the resulting approximation to m(Q). In what follows we shall extend the application of the method to a wider class of quadrilaterals and, in the same time, shall improve some of our earlier estimates by making use of the following two corollaries. (The last inequality follows at once from the well-known composition law for conformal modules; see, e.g., [ll, Remark 2.21.) 0
The two corollaries given above contain as special cases the estimates of the three special decompositions that we studied in [ll, Sections 4.1, 4.4 and 4.51. Furthermore, the two corollaries can be used to improve and, in the same time, extend the applicability of [ll, Sections 4.2 and 4.3, (4.4) and (4.8)]. These improved results can be states as follows.
Let Q,, Q2, Q3 be the three principal component quadcilaterals in each of the two decompositions illustrated in Fig. 2 .5. In each case, let 0, and O3 denote the reflections of 0, and an3 in the crosscuts I, and I, respectively. Then (depending on the "size" of 0, relative to We end this section by repeating a remark that we made in our earlier paper [ll, Section 21, concerning the conformal modules of quadrilaterals of the form illustrated in Fig. 2 .6. Such quadrilaterals are of special interest in connection with the use of the DDM, because in many applications (for example in integrated-circuit design) the boundary of the original quadrilateral Q consists only of straight lines inclined at angles of 90" and 45". (see also [7, Example 3.11) . 
Numerical examples
In this section we present five numerical examples, illustrating the usefulness of the two corollaries given in Section 2. The first two of these (Examples 3.1 and 3.2) are, in fact, taken from our earlier paper [ll] . They are reconsidered here for the purpose of showing how the two corollaries can be used to improve some of our earlier DDM error estimates. The other three examples (Examples 3.3-3.5) are new. Their purpose is to illustrate how the two corollaries can be used to extend the applicability of the DDM error estimation analysis to a wider class of quadrilaterals than that studied in [ll] . Fig. 3.2 , where the width of each strip of the spiral 0 is 1, and the lengths of the "outer" segments of XI (in clockwise order, starting from the right-hand side) are 18, 19, 18, 16, 15, 13, 12, 10, 9, 7, 6, 4 which we expect to be correct to at least four decimal places, because l the CONFPACK estimate of the error in the corresponding approximation to the conformal map onto the unit disc is 3 * 10e6; l the measure of crowding is greater than 5 -10e2, i.e., the crowding is not serious relative to the accuracy of the numerical conformal map (recall estimate (1.2) and see [7, Section 21) . Therefore, we expect k(Q) to be given to at least four decimal places by k(Q) = 17.411608. Therefore, in the domain decomposition approximation (3.6) only the value of VZ(Q~,~> is not known exactly. For the computation of this unknown module we use (as in Example 3.3) the conformal mapping package CONFPACK [5] . The resulting approximation m(Q,,,) = 4.0516105 (3.7) is, again, expected to be correct to at least four decimal places because l the CONFPACK estimate of the error in the corresponding approximation to the conformal map onto the unit disc is 6. 10p6; l the measure of crowding is greater than 1 * lo-'. Therefore, we expect fit(Q) to be given to at least four decimal places by k(Q) = 10.863 335. Finally, the application of Corollary 2.7 to the decomposition of Q1,2,3 defined by the crosscut that separates L?, from 0, gives 0 G m(Q&-{m(Q,)+m(Q,,3)} G 17.64e-2""(QZ).
Thus, by combining the above estimates,
Mm(Q)-r%(Q)@,
where E := 8.82e-*""(Q4) + 17.64e-*""(Qz) < 2.52 * 10b4.
Therefore, from (3.8), 10.8633 < m(Q) < 10.8636, provided that our expectation concerning the CONFPACK approximation (3.7) is valid.
Example 3.5. Let Q := {L!; zl, z2, z3, z4] be the quadrilateral illustrated in Fig. 3 .5 where OR 1,,,,,4 is the upper half of the annulus {z: 4 < 1 .z ( < 5); l L? 5,,.,,8 is the lower half of {z: 3 < I z + 1 I < 4); l L! 9,. 12 is the upper half of {z: 2 < I z I < 3); Therefore, from (3.10), 37.2800 <m(Q) < 37.2804, provided our expectation regarding the CONFPACK approximations (3.9) is valid.
